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Abstract
Motivated by a recent work of us [1], we reconstruct the different f(T )-gravity
models corresponding to a set of dark energy scenarios containing the polytropic,
the standard Chaplygin, the generalized Chaplygin and the modified Chaplygin gas
models. We also derive the equation of state parameter of the selected f(T )-gravity
models and obtain the necessary conditions for crossing the phantom-divide line.
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1 Friedmann equations in the f(T ) theory
In the framework of f(T )-gravity, the Friedmann equations in the flat spatial Friedmann-
Robertson-Walker (FRW) universe are given by [1, 2, 3, 4, 5, 6, 7]
3
k2
H2 = ρ+ ρT , (1)
1
k2
(2H˙ + 3H2) = −(p + pT ), (2)
where
ρT =
1
2k2
(2TfT − f − T ), (3)
pT = −
1
2k2
[−8H˙TfTT + (2T − 4H˙)fT − f + 4H˙ − T ], (4)
with
T = −6H2. (5)
Here k2 = 8piG, H = a˙/a is the Hubble parameter, ρ and p are the total energy density
and pressure of the matter inside the universe. Also ρT and pT are the energy density and
pressure due to the contribution of the torsion scalar T . Furthermore, in fT and fTT the
subscript T denotes a derivative with respect to T . Note that if f(T ) = T then Eqs. (1)
and (2) transform to the usual Friedmann equations in Einstein general relativity (GR).
The energy conservation laws are
ρ˙+ 3H(ρ+ p) = 0, (6)
ρ˙T + 3H(ρT + pT ) = 0. (7)
The equation of state (EoS) parameter due to the torsion contribution is defined as [1, 4]
ωT =
pT
ρT
= −1 +
8H˙TfTT + 4H˙fT − 4H˙
2TfT − f − T
. (8)
For a given a = a(t), by the help of Eqs. (3) and (4) one can reconstruct the f(T )-
gravity according to any dark energy (DE) model given by the EoS pT = pT (ρT ) or
ρT = ρT (a).
Here we assume a pole-like phantom scale factor as [8]
a(t) = a0(ts − t)
−h, t ≤ ts, h > 0. (9)
Using Eqs. (5) and (9) one can obtain
H = h
ts−t
,
T = − 6h
2
(ts−t)2
,
H˙ = − T
6h
.
(10)
From Eqs. (9) and (10) the scale factor a can be rewritten in terms of T as
a = a0
(
−
T
6h2
)h
2
. (11)
2
2 Polytropic f(T )-gravity model
Here like [1] we reconstruct the f(T )-gravity from the polytropic gas DE model. Following
[9], the EoS of the polytropic gas is given by
pΛ = Kρ
1+ 1
n
Λ , (12)
where K is a positive constant and n is the polytropic index. Using Eq. (7) the energy
density evolves as
ρΛ =
(
Ba
3
n −K
)−n
, (13)
where B is a positive integration constant [9].
Replacing Eq. (11) into (13) yields
ρΛ =
(
αT
3h
2n −K
)−n
, (14)
where
α = Ba
3
n
0
(
−6h2
)−3h
2n . (15)
Equating (3) with (14), i.e. ρT = ρΛ, we obtain the following differential equation
2TfT − f − T − 2k
2
(
αT
3h
2n −K
)−n
= 0. (16)
Solving Eq. (16) gives
f(T ) = β T 1/2 + T + (−1)1+n
2k2
Kn
2F1
(
−
n
3h
, n; 1−
n
3h
;
α
K
T
3h
2n
)
, (17)
where 2F1 denotes the first hypergeometric function. Replacing Eq. (17) into (8) one can
obtain the EoS parameter of torsion contribution as
ωT = −1−
1
K
α
T
−3h
2n − 1
, h > 0. (18)
Using Eqs. (5) and (15), the above relation can be rewritten as
ωT = −1−
1
K
B
[
a0
(
H
h
)h]−3n
− 1
, h > 0. (19)
We see that for K
B
[
a0
(
H
h
)h]−3n
> 1, ωT < −1 which corresponds to a phantom accelerating
universe.
3
3 Standard Chaplygin f(T )-gravity model
The EoS of the standard Chaplygin gas (SCG) DE is given by [10]
pΛ = −
A
ρΛ
, (20)
where A is a positive constant. Inserting the above EoS into the energy conservation
equation (7), leads to a density evolving as [10]
ρΛ =
√
A+
B
a6
, (21)
where B is an integration constant.
Inserting Eq. (11) into (21) one can get
ρΛ =
√
A+ αT−3h, (22)
where
α = Ba0
−6(−6h2)
3h
. (23)
Equating (22) with (3) one can obtain
2TfT − f − T − 2k
2
√
A+ αT−3h = 0. (24)
Solving the differential equation (24) yields
f(T ) = βT 1/2 + T − 2k2A
1
2 2F1
(
1
6h
,
−1
2
; 1 +
1
6h
;−
α
A
T−3h
)
. (25)
Replacing Eq. (25) into (8) one can get
ωT = −1 +
1
A
α
T 3h + 1
, h > 0. (26)
Using Eqs. (5) and (23), the above relation can be rewritten as
ωT = −1 +
1
A
B
[
a0
(
H
h
)h]6
+ 1
, h > 0, (27)
which for B < 0 and A
|B|
[
a0
(
H
h
)h]6
> 1 then ωT can cross the phantom-divide line.
4 Generalized Chaplygin f(T )-gravity model
The EoS of the Generalized Chaplygin Gas (GCG) DE model is given by [11]
pΛ = −
A
ραΛ
, (28)
4
where α is a constant in the range 0 ≤ α ≤ 1 (the SCG corresponds to the case α = 1)
and A a positive constant. Using Eq. (7), the GCG energy density evolves as [11]
ρΛ =
(
A +
B
a3(1+α)
) 1
1+α
, (29)
where B is an integration constant.
Substituting Eq. (11) into (29) one can get
ρΛ =
(
A+ γ T
−3
2
h(1+α)
) 1
1+α
, (30)
where
γ = Ba0
−3(1+α)
(
−6h2
) 3
2
h(1+α)
. (31)
Equating (30) with (3) gives
2TfT − f − T − 2k
2
(
A + γ T
−3
2
h(1+α)
) 1
1+α = 0. (32)
Solving Eq. (32) yields
f(T ) = βT 1/2 + T − 2k2A
1
1+α 2F1
(
1
3h(1 + α)
,
−1
1 + α
; 1 +
1
3h(1 + α)
;−
γ
A
T
−3
2
h(1+α)
)
,(33)
Replacing Eq. (33) into (8) gives the EoS parameter as
ωT = −1 +
1
A
γ
T
3
2
h(1+α) + 1
, h > 0, 0 ≤ α ≤ 1, (34)
Using Eqs. (5) and (31), the above relation can be rewritten as
ωT = −1 +
1
A
B
[
a0
(
H
h
)h]3(1+α)
+ 1
, h > 0, 0 ≤ α ≤ 1, (35)
which for B < 0 and A
|B|
[
a0
(
H
h
)h]3(1+α)
> 1 then ωT can cross the phantom-divide line.
5 Modified Chaplygin f(T )-gravity model
The EoS of the modified Chaplygin gas (MCG) DE model is given by [12]
pΛ = AρΛ −
B
ραΛ
, (36)
where A and B are positive constants and 0 ≤ α ≤ 1. Using Eq. (7), the MCG energy
density evolves as [12]
ρΛ =
(
B
1 + A
+
C
a3(1+α)(1+A)
) 1
1+α
, (37)
5
where C is an integration constant.
Replacing Eq. (11) into (37) yields
ρΛ =
(
B
1 + A
+ γ T
−3
2
h(1+α)(1+A)
) 1
1+α
, (38)
where
γ = Ca0
−3(1+α)(1+A)
(
−6h2
) 3
2
h(1+α)(1+A)
. (39)
Equating (30) with (3) gives
2TfT − f − T − 2k
2
(
B
1 + A
+ γ T
−3
2
h(1+α)(1+A)
) 1
1+α
= 0. (40)
Solving Eq. (40) yields
f(T ) = β T 1/2 + T − 2k2
(
B
1 + A
) 1
1+α
×2F1
(
1
3h(1 + α)(1 + A)
,
−1
1 + α
; 1 +
1
3h(1 + α)(1 + A)
;
−γ(1 + A)
B
T
−3
2
h(1+α)(1+A)
)
.(41)
Replacing Eq. (41) into (8) one can obtain the EoS parameter of torsion contribution as
ωT = −1 +
A+ 1
B
γ(1+A)
T
3
2
h(1+α)(1+A) + 1
, h > 0, 0 ≤ α ≤ 1, (42)
and using Eqs. (5) and (39), it can be rewritten as
ωT = −1 +
A + 1
B
C(1+A)
[
a0
(
H
h
)h]3(1+α)(1+A)
+ 1
, h > 0, 0 ≤ α ≤ 1, (43)
which for C < 0 and B
|C|(1+A)
[
a0
(
H
h
)h]3(1+α)(1+A)
> 1 then ωT can cross the phantom-
divide line.
6 Conclusions
Here we considered the polytropic gas, the SCG, the GCG and the MCG models of the
DE. We reconstructed the different theories of modified gravity based on the f(T ) action
in the spatially-flat FRW universe and according to the selected DE models. We also ob-
tained the EoS parameter of the polytropic, standard Chaplygin, generalized Chaplygin
and modified Chaplygin f(T )-gravity scenarios. We showed that crossing the phantom-
divide line can occur when the constant parameters of the models to be chosen properly.
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